Order book dynamics play an important role in both execution time and price formation of orders in an exchange market. In this study, we aim to model the limit order arrival rates in the vicinity of the best bid and the best ask price levels. We use limit order book data for Garanti Bank, which is one of the most traded stocks in Borsa Istanbul. In order to model the daily, weekly, and monthly arrival of limit order quantities, three different discrete probability distributions are tested: Geometric, Beta-Binomial and Discrete Weibull. Additionally, two theoretical models, namely, Exponential and Power law are also tested. We aim to model the arrival rates in the first fifteen bid and ask price levels. We use L 1 norms in order to calculate the goodness-of-fit statistics. Furthermore, we examine the structure of weekly and monthly mean cancellation rates in the first ten bid and ask price levels.
Introduction
One of the main research area on high-frequency financial data is to investigate the microstructural properties of stock markets. Generally, the research on this area contains modeling the main characteristics of the limit order book (Cont et al. (2010) ; Bouchaud et al. (2002) ; Zovko et al. (2002) ) and the behavior of traders of stocks around specific events (Mu et al. (2010) ).
Modeling some market elements such as the duration between two orders, order volumes and order arrivals using parametric statistical distributions can help to understand the structure of market dynamics. Exponential family distributions are widely used in modeling these types of exchange market elements (Cont et al. (2010) ; Jiang et al. (2008) ). Alternatively, arrival rates of limit orders can be modeled using a power law (Bouchaud et al. (2002) ; Zovko et al. (2002) ). By modeling the order dynamics in the market, we can have some basic insight about the market microstructure. For this purpose, we aim to model the arrival rates of limit order in the exchange market. Also, we intend to observe the statistical features of the cancellation rates (ratios of cancel orders to outstanding orders).
We use three well-known discrete statistical distributions for modeling the arrivals of orders: Discrete Weibull, Geometric and Beta -Binomial. In addition, we fit Exponential distribution and Power law on the same variables. We use L 1 norms between probability mass functions of discrete distributions and the true arrival rates. For continuous distributions, we discretize the fit results by calculating the area below the probability density function. We compare the performance scores of different fits using Welch's t-test.
After completing the discrete and continuous distribution fits on the arrival rates of limit orders, we compare the best fitting discrete model which is Discrete Weibull model with the theoretical models. We show that the performance of Discrete Weibull model is three times better than the Exponential model in terms of L 1 norms, and it is very competitive against the Power law model which is suggested by Bouchaud et al. (2002) . In this part of our research, we present that the arrival rates of limit orders in the vicinity of the best prices (15 ticks or less) can also be represented by discrete models.
In addition to the analysis of limit orders, we conduct a research on cancel orders. We analyze the cancellation rates on the weekly and monthly basis. We consider the first 10 bid and the ask price levels. We investigate whether the behavior of order cancellation rates change with respect to different bid and ask price levels. In our research, we observe that the hypothesis which implies that weekly and monthly mean order cancellation rates are consistent with Uniform distribution can not be statistically rejected.
Background and Literature Review
In exchange markets, limit orders, market orders and cancel orders constitute the current market dynamics. Arrived limit orders in the market create a limit order book. Buy and sell orders are placed in the limit order book according to their price and the quantity. Until a market order or a cancel order is executed on a particular limit order, that limit order stays in the order book (Cont (2011) ). Cancel orders delete limit orders in the table. Market orders execute limit orders and carry out the buying and selling operation in the market. The highest price on the buy side represents the bid price, and the lowest price on the sell side represents the ask price. The prices on the buy (sell) side of the limit order book are arranged in descending (ascending) order. The mean of the bid and the ask price is the mid-price. The ask price is always higher than the bid price only during continuous auction which is the phase that the continuous trading occurs in the market. Difference between them is named as the bid/ask spread (Cont et al. (2010) ). An example of a limit order book is shown in Figure 1 . In this limit order book, the bid price is 12.14 and the ask price is 12.17. Limit buy (sell) orders represent the traders that would like to buy (sell) a quantity of a stock with the indicated price. If someone would like to buy (sell) a stock with a price equal or higher (lower) than the ask (bid) price, the operation is executed just after the submission of that particular limit buy (sell) order (Cont (2011) ).
The main part of our research contains the modeling of arrival rates of limit orders. For limit buy (sell) orders, we consider the quantities on the left (right) side of the limit order book. The price levels in the vicinity of the best prices are named as ticks. When we consider limit buy (sell) orders, we examine the order quantities in the ticks with respect to their distance to the best ask (bid) price (Cont et al. (2010) ). For example, the price of 12.14 (12.17) is the first tick, and the price of 12.13 (12.18) is the second tick for the limit buy (sell) orders. As shown in this example, the tick values are given to limit buy (sell) orders with respect to the order price's distance to the best ask (bid) price. Since a limit order book has a dynamic structure, the prices always change during the day as a result of incoming limit orders, execution of market and cancel orders. In our research, we model the order quantities in the first 15 ticks for both limit buy and limit sell order quantities.
The arrival of the limit orders near the best prices is dense. The price of an order is a crucial criterion of order execution, since the distance to the current bid and ask price is correlated with the rate of the arrival of limit orders (Cont et al. (2010) ). There are different remarks on explaining arrival rates of limit orders mathematically. In previous research on order placement strategies, Bouchaud et al. (2002) and Zovko et al. (2002) suggested that arrival rates of limit orders Λ(i) can be modeled with a power law which can be seen below.
In this equation, the value i denotes the tick value. The value of Λ(i) can be between 0 and ∞. The k parameter is a positive real number and k and α can be estimated using a least squares fit as it is shown in Equation (2) (Cont et al. (2010) ). The value of 15 is chosen for an upper boundary in that equation, since we perform modeling in the first 15 ticks. The real arrival rates are denoted withΛ(i).
In another research, a stochastic model consisting of independent Poisson processes is suggested by Cont et al. (2010) . In this model, arrival rates of limit orders are modeled in such a way that they are distributed exponentially.
Weibull and q-exponential distributions are used in an early work on modeling the duration between two successive transactions (Jiang et al. (2008) ). In another work, the arrival of orders are represented as a renewal process where the waiting times between two successive orders are distributed according to Weibull distribution (Cincotti et al. (2006) ). We can infer that the duration between two consecutive orders would also be different in every tick, since the arrival rates of limit orders differ with respect to the distance to the best prices. As a result, because of its flexibility in modeling durations, we test Weibull distribution in modeling arrival rates of limit orders. However, we use the discrete variant of Weibull distribution proposed by Nakagawa & Osaki (1975) , since we perform an analysis on discrete distributions. Discrete Weibull distribution has two real number parameters q > 0 and β > 0 with integer support on [0, ∞). The probability mass function of Discrete Weibull can be seen in Equation (3) (Nakagawa & Osaki (1975) ). We use the probability density function as it starts from the least tick value of 1.
Beta family distributions are frequently used in finance. It is also often used in modeling the rates of recovery from debts and credit risk (Chen & Wang (2013) ). It is well-known that high skewness is frequently observed in credit risks data (Schroeck (2002) ). Similarly, arrival rates of limit orders have positive skewness since the rates are much higher in the ticks that are close to the best prices. Because of its good performance in highly skewed data, we also test Beta Binomial distribution, which is a discrete member of Beta family distributions, in modeling the arrival rates. Beta Binomial distribution is defined by two real number parameters: α > 0 and β > 0. Both parameters have finite integer support on [0, n). The probability mass function for n trails in Beta Binomial can be seen in Equation (4).
As indicated before, Exponential distribution is also used for modeling arrival rates of limit orders. In an early work on modeling the market dynamics, Cont et al. (2010) assumed that limit orders arrive at the tick i from the best price with an exponential rate λ(i) in his stochastic model. As a result, Exponential distribution and Geometric distribution which is the discrete variant of Exponential are also used in our research. Exponential distribution has one real number parameter λ > 0. The probability density function of Exponential distribution is given below.
Geometric distribution has one real number parameter 0 < p < 1. The probability mass function of Geometric distribution for x trails is given below. We use the probability density function of Geometric distribution starting from the least tick value of 1.
Since most of the continuous and discrete distributions have support for the set {x : x > 0}, we adjusted our first tick rate to be the zeroth tick and, therefore, shifted the fit results to one tick right.
In an early work on cancel orders, Blanchet & Chen (2013) assumed that the cancellation rates are relatively higher in the ticks that are close to the best bid and ask prices than distant ticks. Cont et al. (2010) made an assumption that the cancellation rates show an Exponential distribution with respect to distance to the best bid and ask prices, and these rates are proportional to the limit orders in that level. Bouchaud et al. (2018) also suggested that the cancellation rates are proportional to the arrival rates of limit orders with an assumption that the activity is much higher in the area that has high arrival rates of limit orders.
Materials and method

Market Data
The pure market data contains network captured MoldUDP packets consisting of ITCH R messeages. An ITCH R NASDAQ protocol for market data includes all orders in nano-second scale (NASDAQ-OMX-Group (2015)). We use Garanti Bank stock data in Borsa Istanbul. The data spans 40 trading days from August 1, 2017 to September 29, 2017, and we sample 228 instances which contain the rates of daily, weekly and monthly arrived limit orders to analyze.
Arrival Rates of Limit Orders
We extract the information of limit order quantities arrived at the first 15 ticks to the best prices. There are quantities arrived after the first 15 ticks, but they were few with respect to the quantities in the first 15 ticks so we omitted those quantities. As a result, we perform discrete and continuous fits on λ t (i)
which indicates the density of quantities arrived Q t (i) at the ith tick in time instance t.
We split the data into four different time groups. These timesteps are the daily average of limit buy/sell quantities (40 days), the weekly average of limit buy/sell quantities (9 weeks), the monthly average of limit buy/sell quantities and the hourly average of limit buy/sell quantities in 9 weeks. We consider the market working hours from 10 am to 1 pm and 2 pm to 6 pm. We created 7 different hourly timesteps in a day.
Consequently, we obtain 40 instances for daily data, 9 instances for weekly data, 2 instances for monthly data and 63 instances for hourly-weekly data. Since we consider both limit buy and limit sell orders, we have 228 different instances to perform discrete and continuous fits. Using three discrete distributions, Discrete Weibull, Beta-Binomial and Geometric, we perform fits on the limit buy/sell order quantities that arrived at the first 15 ticks to the best prices. We used Exponential distribution as a continuous model approach (Cont et al. (2010) ). Also we compared the performance of the best discrete fit with Exponential fits and Power law fits which are proposed by Bouchaud et al. (2002) and Zovko et al. (2002) in order to examine if a discrete approach can compete with the approaches that are suggested in previous works.
Maximum likelihood estimation finds the parameters that maximize the joint probability density function of data (likelihood). Since the maximization is arduous for multiplication operation, in general, the logarithm of the likelihood function is considered (Myung (2003) ). The approach of maximum likelihood estimation is shown in the Equation (10). In the equation θ is the parameter vector of the model, and x 1:n is the data.
As indicated before, we did not use any functions of R to estimate parameters of Exponential and Geometric distributions. When we take the derivative of the logarithm of the likelihood functions and equate it to zero, we can find the maximum likelihood estimation of the parameter λ of Exponential distribution and the parameter p of Geometric Distribution.
The estimated parameter of Geometric distribution is also found using the same equation. Because Geometric distribution is the discrete variant of Exponential distribution, the only difference is that Geometric distribution has integer x 1:n values. Estimation of the parameters of Exponential and Geometric distributions can be seen in Equation (12).
In order to compare the performance of the models, we consider the sum of L 1 norms between the real values and the fit results. Sum of absolute values of differences between observed densities and fit results are considered as the error term. The error term at timestep t is shown below.
Order Cancellation Rates
We analyze the number of arrived cancel orders around the best price and the ratio of cancel orders in the vicinity of the best prices. The ratios and numbers of cancel orders are considered on average weekly and monthly basis. We consider the quantity of the particular order and the total quantity in that tick before that particular cancel order arrives. Then we sum these ratios on the monthly and weekly basis and divide the number of cancel orders that arrive in a particular tick on the monthly and weekly basis. We express the cancel order ratios in tick i with k arrived cancel orders in timestep t with as C t (i).
Canceled Quantity in tick i with order pn Total Quantity in tick i before order pn Number of Cancel Orders Arrived in tick i in timestep t
We compare our experiments on the number of cancel orders arrived in the vicinity of the best bid and ask prices and the behavior of the ratios of cancel orders with respect to the distance to the best bid and ask prices with previous works on cancel orders (Cont et al. (2010) ; Blanchet & Chen (2013); Bouchaud et al. (2018) ).
Results
Discrete Fits on Arrival Rates of Limit Orders
In order to find the performance of the discrete fits, we give each distribution fit a performance score. The performance score is the ratio of the error of a distribution fit to the minimum fit error on that instance. As a result, this ratio is higher or equal to 1. If a distribution has the best fit, then its score becomes 1. We consider the performance according to the closeness of performance scores to 1. The equation of the normalized performance score of a distribution d for instance i is given below.
Error of distribution d on instance i Minimum error among 3 distributions on instance i
We calculate the mean and standard deviation of performance scores of three distributions in hourly, daily, weekly and monthly fits, and decide which distribution has the best fit in a particular timestep. The limit buy and limit sell fits of Geometric, Beta-Binomial and Discrete Weibull distributions for the last 12 days (from Day 29 to Day 40) can be seen in Figure 2 . There are fits for 40 days, but showing all of them might occupy a lot of space. Because of that, we only show fits of last 12 days.
Day 29 and Day 30 are Thursday, September 14th and Friday, September 15th respectively. Day 31 to Day 35 is the week starting on Monday, September 18th. Day 36 to Day 40 is the week starting on Monday, September 25th. Since some of the continuous and discrete probability distributions that we use have a support from 0 to infinity, we divide the probability mass values by the sum of all probabilities from the first tick to 15th tick for normalization. It is striking to observe that Discrete Weibull distribution has the best fits for 75 instances out of 80. Beta Binomial outperforms the fit performance of Discrete Weibull distribution for only 5 instances, and the fits of Geometric distribution is 3 to 4 times worse than both Discrete Weibull and Beta-Binomial distribution.
Normalized performance scores of each model in different time steps can be observed in the charts in Appendix section. The performance of the model increases as the cell color gets lighter and close to 1.
The limit buy and limit sell fits of Geometric, Beta-Binomial and Discrete Weibull distributions from Week 1 to Week 9 can be seen in Figure 3 and Figure  4 below. We observe that Discrete Weibull distribution has the best fits for all of the weekly basis instances. Beta Binomial has close fit performance with respect to Discrete Weibull distribution. Geometric distribution is 3 to 4 times worse than both Discrete Weibull and Beta-Binomial distribution on average.
Geometric, Beta-Binomial and Discrete Weibull fits on monthly basis arrival rate of limit orders can be observed in Figure 5 . We observe that Discrete Weibull distribution has the best fits for all of the monthly basis instances. Geometric distribution is 3 to 4 times worse than others on average.
Geometric, Beta-Binomial and Discrete Weibull fits on arrival rate of limit orders in hourly timesteps on different weeks can be observed in Figure 6 and Figure 7 . Since there are 63 instances for this timestep, we only show the fits on arrival rates in the first 3 weeks and the first 3 hours. In order to compare the performance of discrete fits, we use the means of the performance scores of three distributions in different timesteps. Welch's t-test is used to decide which discrete distribution has the best fits on arrival rate of limit orders. Welch's t-test is utilized to compare if there is a significant difference We choose 95% confidence interval for t-tests. For 5 of 7 instances the pvalue is below 0.05, so we can reject the null hypothesis that indicates the means of Discrete Weibull and Beta Binomial performance scores are not significantly different. As a result, it can be denoted that Discrete Weibull has significantly better fits than Beta Binomial has in Daily Limit Buy, Daily Limit Sell, Weekly Limit Buy, Weekly Limit Sell and Hourly Limit Sell orders, since it has smaller means. For Monthly Limit and Hourly Limit Buy orders, there is no significant difference between Discrete Weibull fits and Beta Binomial fits.
Comparison of the Best Discrete Model and Theoretical Models on Arrival
Rates of Limit Orders We perform least squares approach for power law parameter estimation, since it is suggested by Bouchaud et al. (2002) . Error approach, timesteps and the comparison of performance scores are the same as in the discrete fits. We discretize Exponential fits by using the area under the probability density function. We divide the x-axis into 15 equal parts and we find the densities for 15 ticks by calculating areas under the probability density function. The limit buy and limit sell fits of Exponential, Power law and Discrete Weibull distributions from Day 29 to Day 40 can be seen in Figure 8 and Figure 9 . We observe that Discrete Weibull distribution and Power law have the best fits for most of the instances. The performance of Discrete Weibull and Power law is very close to each other. On the other hand, Exponential distribution is 2 to 3 times worse than both Discrete Weibull distribution and Power law. The limit buy and limit sell fits of Exponential, Power law and Discrete Weibull distributions from Week 1 to Week 9 can be seen in Figure 10 and Figure 11 below.
We observe that Discrete Weibull distribution has the best fits for most of the weekly basis instances. Power law has close fit performance with respect to Discrete Weibull distribution. Not suprisingly, Exponential distribution, being a more parsimonious distribution in the number of parameters, performed much worse than both Discrete Weibull and Power law on average. Exponential, Power law and Discrete Weibull fits on monthly basis arrival rate of limit orders can be observed in Figure 12 .
We observe that Discrete Weibull distribution has the best fits for 3 out of 4 monthly basis instances. Exponential distribution is 2 times worse than both Discrete Weibull and Power law on average. In order to compare the performance of Exponential, Power law and Discrete Weibull, we again use the means of the performance scores of three distributions in different timesteps. Welch's t-test is used to decide which discrete distribution has the best fits on arrival rate of limit orders. Average performance scores of Discrete Weibull, Exponential and Power law fits on different timesteps are given in Table 3 .
Exponential fits evidently have the worst performance among three distribution. On the other hand, as Power law and Discrete Weibull have very close mean performance scores, we perform a t-test to find if there is a significant difference between those values.
For all of the instances, the p-values have a value that is higher than 0.05, so we can not reject the null hypothesis that indicates the mean performance scores of Discrete Weibull and Power Law is not significantly different. So we Bouchaud et al. (2002) and Zovko et al. (2002) . We can use Discrete Weibull distribution to model arrival rates of limit orders with respect to distance to the best prices accurately.
Behavior of Order Cancellation Rates
We analyze the number of cancel orders and the ratio of canceled orders in the vicinity of the best prices. We consider both cancel buy orders and cancel sell orders on the weekly and monthly basis. In previous works, Blanchet & Chen (2013) denoted that the cancellation activity is much higher in the close regions to the best bid and ask prices. The number of cancel orders arrived at the first 10 ticks on the weekly basis in our experiments are shown in Figure 13 and Figure 14 .
When we consider the cancel activity as the number of cancel orders arrived, the results are consistent with the previous works. It can be observed that the number of cancel orders arrived in the close regions to the best prices are higher. We also consider the average ratio of canceled order quantity in the ticks. We use the metric which we denote in Section 3.3 for finding the ratios. The ratios of canceled order quantities in the first 10 ticks on weekly basis in our experiments are shown in Figure 15 and Figure 16 . The red and blue lines in figures expected values. The ratios were close most of the time. Thus we perform uniformity tests on the ratios. We use Chi-Square Test to test if the ratios are distributed uniformly. Chi-Square test statistics formula is given in Equation 16. In the Equation 16, c means the degree of freedom. In our experiment, we have 10 different categories (because of 10 ticks). Since the degree of freedom is equal to the number of categories minus 1, the degree of freedom value is 9 for our experiments.
Chi-Square tests use count data as observed data. Therefore we convert the cancellation ratios to integer values by multiplying them by 100. Then, we test the null hypothesis which claims that the ratios of canceled orders are consistent with Uniform distribution. Chi-Square test statistics and corresponding p-values are given in Table 5 and Table 6 We use 95% confidence interval for the tests. Chi-Square tests for uniformity present p-values higher than 0.05 in all of the instances except for the ratios of cancel sell orders in the 5th week. Consequently, we can not reject the null hypothesis which indicates that the cancellation rates are consistent with Uniform distribution for most of the instances.
Conclusion and Future Work
In this research, we used different statistical distributions to fit the limit order quantities arrived in the vicinity of the best bid and ask prices. The fits are made on Garanti Bank stock data for the period from August -September 2017. We analyzed the daily, weekly and monthly mean limit order quantities arrived at the first 15 levels from the best prices. Also, we considered the weekly mean quantities of limit orders arrived in 7 different time intervals in a day. We used total sum of L 1 norms between empirical density and fit results in the first 15 price levels of the bid and ask prices to evaluate the goodness of fits.
We observed that Discrete Weibull and Beta Binomial distributions are almost 4 times better at fitting the order quantity data than Geometric distribution. We had 228 instances to fit and Discrete Weibull has the lowest L 1 norm for 210 of them. Beta Binomial fits the data with the lowest L 1 norm for 17 of the instances and Geometric distribution has the best fit for only one of the instances. Additionally, we used Exponential distribution to fit the same 228 instances. We found the probability mass values by calculating the areas of 15 bins under the Exponential probability density function using discretization. Then we obtained the sum of L 1 norms between empirical density and 15 probability mass values, and compared the goodness of Exponential distribution fits with Discrete Weibull distribution fits. We observed that Discrete Weibull fits the daily, weekly and monthly mean quantities two times better than Exponential distribution. Also, Discrete Weibull fits can compete with Power law fits which are proposed in early works.
We analyzed the weekly and monthly mean ratio of cancel orders in the first 10 price levels. We conducted Chi-Square tests to test the uniformity. We observed that we can not deny the hypothesis which claims that the cancellation rates are consistent with Uniform distribution. As a result, we found out that the assumption made by Cont et al. (2010) on cancellation rates which denotes that the cancellation rates are distributed exponentially can not be adapted to Turkish markets.
Our dataset was quite small, since it only contains the data of 2 months. Also, we only consider Garanti Bank stock data. In future work, the same experiments can be conducted for larger datasets such as 6 months or 1 year. Moreover, stock data from other companies can be considered, and the relation between different stocks would be another interesting extension. Additionally, the relation between stock prices and arrival rates can be examined and predicted. 
